Abstract. Surface scattering effects are merely diffraction phenomena resulting from random phase variations induced on the reflected wavefront by microtopographic surface features. The Rayleigh-Rice and Beckmann-Kirchhoff theories are commonly used to predict surface scattering behavior. However, the Rayleigh-Rice vector perturbation theory is limited to smooth surfaces, and the classical Beckmann-Kirchhoff theory contains a paraxial assumption that confines its applicability to small incident and scattering angles. The recent development of a linear systems formulation of nonparaxial scalar diffraction phenomena, indicating that diffracted radiance is a fundamental quantity predicted by scalar diffraction theory, has led to a reexamination of the classical BeckmannKirchhoff scattering theory. We demonstrate an empirically modified Beckmann-Kirchhoff scattering model that accurately predicts nonintuitive experimental scattering data for rough surfaces at large incident and large scattering angles, yet also agrees with Rayleigh-Rice predictions within their domain of applicability for smooth surfaces.
Historical Background of Surface Scattering Theory
One of the earliest investigators of scattering from a rough surface was Lord Rayleigh. In 1896 he was investigating the reflection of acoustic waves. 1 Later he noted the effects of poorly polished surfaces on optical performance and examined the effects of surface roughness and angle of incidence on the reflected beam. 2 In 1907 Lord Rayleigh published an extensive vector perturbation theory of scattering from periodically corrugated reflection gratings, which was an extension of his previous work on the theory of sound. 3 In 1919 Chenmoganadam 4 derived a theory of scattered light based on the phase shift of the reflected beam due to the rough surface. Fano 5 ͑1941͒ expanded the Rayleigh approach to explain anomalous diffraction gratings and quasistationary waves on metallic surfaces. However, it was not until World War II, when the problem of background clutter in radar applications became apparent, that a determined effort was made to solve the scattering problem for random surfaces. It was this problem of radar scattering from the sea, associated with the detection of naval targets, that motivated the work of Rice 6 ͑1951͒, and others. [7] [8] [9] [10] Considerable work was also done during the 1960s in attempting to explain radar reflection from the moon. [11] [12] [13] [14] Surface scattering effects can also be described as merely diffraction phenomena resulting from random phase variations induced on the reflected wavefront by microtopographic surface features. The Kirchhoff approximation was first introduced in 1952 by Brekhovskikh 15, 16 and applied by Isakovich 17 ͑1952͒ to statistically rough surfaces. It was later treated in English by Eckart 18 ͑1953͒ and Davies 19 ͑1954͒; however, it is the monograph by Beckmann and Spizzichino 20 ͑1963͒ that has become the common reference in the western world.
These two historical approaches, the Rayleigh-Rice 6 and the Beckmann-Kirchhoff 20 theories, are commonly used to predict surface scattering behavior. The Rayleigh-Rice vector perturbation theory agrees well with experimental wideangle measurements of scattering from smooth ͑ s / Ӷ1͒ surfaces for arbitrary incident and scattering angles. However, not all applications of interest satisfy the smoothsurface approximation. The Beckmann-Kirchhoff scattering theory is valid for rougher surfaces, but contains a paraxial ͑small-angle͒ assumption that limits its ability to accurately handle wide-angle scattering and large angles of incidence. Church et al. published a myriad of papers ͑starting in about 1975͒ discussing applications of the Rayleigh-Rice theory in the applied optics community. [21] [22] [23] [24] [25] Elson and Bennett ͑1979͒ published a similar perturbation approach to optical surface scattering that proved to yield identical expressions. 26 Bennett has devoted much of her career to the characterization of scattering surfaces, 27, 28 and Stover has specialized in the measurement and analysis of surface scattering data. 29, 30 In 1970, Nicodemus introduced the four-dimensional bidirectional reflectance distribution function ͑BRDF͒, defined as reflected radiance divided by incident irradiance, in an attempt to ͑geometrically͒ characterize the scattering properties of a surface:
Harvey and Shack ͑1976͒ developed a linear systems formulation of surface scattering phenomena in which the scattering behavior is characterized by a surface transfer function. 32, 33 The Fourier transform of this surface transfer function yielded the scattered light distribution ͑also a scattered radiance function͒. This transfer function characterization of scattering surfaces was generalized in the 1980s to include grazing-incidence effects in x-ray telescopes, and mid-spatial-frequency surface errors that span the gap between figure and finish errors. 34 This allowed accurate predictions of image degradation due to scattering effects from residual optical fabrication errors on NASA's Chandra Observatory and NOAA's Solar X-ray Imager ͑SXI͒. 35, 36 Surface scattering continues to be an important problem in diverse areas of science and engineering in the twentyfirst century. In 2004, Elfouhaily and Guerin stated that "Approximate models are still a necessity due to the insurmountable numerical complexity of realistic scattering problems. Even today's machines cannot cope with the enormous amount of computing demanded in the case of rigorous numerical calculations of the most general threedimensional electromagnetic wave scattering from dielectric or conducting multi-scale surfaces." 37 They went on to provide an exhaustive critical survey of approximate theories of the scattering of waves from random rough surfaces. They attempted to classify and characterize more than thirty different approximate methods. These were all variants of the small-perturbation ͑Rayleigh-Rice͒ method, the Kirchhoff approach, or the so-called unified methods, which tried to bridge the gap between the two. This exhaustive survey included 260 references: 177 published since 1980, 130 published since 1990, and 41 published between 2000 and 2004. They concluded that "there does not seem to be a universal method that is to be preferred systematically. All methods present a compromise between versatility, simplicity, numerical efficiency, accuracy and robustness, with a different weighting in these various fields." Elfouhaily and Guerin went on to state that "no approximate model has fulfilled all listed criteria. Moreover, most models did not even satisfy half of the requirements." Their final statement was: "There is still room for improvement in the development of approximate scattering methods."
One last note on the historical background of surface scattering theory: There have developed two distinct camps of researchers in that area. First, there are the theoretically inclined scientists, who are perhaps drawn to the investigation of surface scattering because it is an area of practical interest that is mathematically and theoretically challenging. Second, there are the researchers in computer vision and computer animation, who are less interested in rigorously solving the surface scattering problem. Their primary concern is having a surface scattering model that results in the rendering of realistic surfaces, textures, objects, and scenes under a wide variety of illumination conditions. This second group has evaluated, implemented, and referenced 38 an empirically modified Beckmann-Kirchhoff model reported in a non-peer-reviewed conference proceedings in 1998. 39 This paper is intended to compare that modified Beckmann-Kirchhoff model quantitatively with both the Rayleigh-Rice and the classical Beckmann-Kirchhoff theories and to report it in the archival literature.
Diffracted Radiance: New Insight
into Nonparaxial Diffraction Phenomena An extension ͑and generalization͒ of the Harvey-Shack surface scattering theory has recently led to a linear systems formulation of nonparaxial scalar diffraction theory. 40, 41 The incorporation of the principles ͑and proper terminology 31 ͒ of radiometry is crucial to the new insight and understanding obtained from this treatment of nonparaxial diffraction phenomena. We thus briefly review the definitions of a few radiometric quantities. In the past scientists have generally used the word intensity to mean the flow of energy per unit area per unit time. However, by international, if not universal, agreement, that term is slowly being replaced by the word irradiance:
Irradiance is thus defined as the radiant power density incident on a collecting surface ͑hence the subscript c͒. Radiant intensity, on the other hand, is power per unit solid angle radiated from a source ͑particularly a point source or source that has negligible area compared to the square of the viewing distance͒: 43, 44 radiant intensity ϵ I = ‫ץ‬P ‫ץ‬ c ͑watts per steradian͒. ͑3͒
And radiance, the radiometric analog to the more familiar photometric term brightness, is defined as radiant power per unit solid angle per unit projected source area. The quantity radiance is used to characterize an extended source, that is, one that has appreciable area compared to the square of the viewing distance. 43, 44 In differential form,
ϫ͑watts per steradian per unit projected area͒.
͑4͒
The radiance of a source is, in general, a function of position on the source and a function of the two angular variables s and s in conventional spherical coordinates. In Ref. 40 , diffracted radiance ͑not irradiance or intensity͒ was shown to be a fundamental quantity predicted by the Fourier transform of the optical disturbance emerging from a diffraction aperture, and a paraxial limitation was not necessary in this linear systems formulation of wideangle diffraction phenomena:
Here LЈ is the classical radiance ͑radiant power per unit solid angle per unit projected area͒, A s is the source area ͑i.e., the area of the diffracting aperture͒, and U 0 Ј is the complex amplitude distribution emerging from the diffracting aperture. Note that Ref. 40 utilized a scaled coordinate system in which the spatial variables are normalized by the wavelength of the light ͑x = x / , ŷ = y / ͒. The reciprocal variables ␣ and ␤ were then the direction cosines of the propagation vectors of the angular spectrum of plane waves discussed by Ratcliff, 45 Goodman, 46 and Gaskill. 47 The renormalization constant K in this reformulation of scalar diffraction theory is given by the following expression:
and it only differs from unity if the diffracted radiance distribution function extends beyond the unit circle in direction cosine space ͑i.e., only if evanescent waves are produced͒. 40 The well-known Wood's anomalies that occur in diffraction grating efficiency measurements are entirely consistent with this predicted renormalization in the presence of evanescent waves. 48 This renormalization process is also consistent with the law of conservation of energy. However, it is significant that this linear systems formulation of nonparaxial scalar diffraction theory has been derived by the application of Parseval's theorem and not by merely heuristically imposing the law of conservation of energy.
Equations ͑5͒ and ͑6͒ have been applied to the special case of perfectly conducting sinusoidal phase gratings to predict a variety of wide-angle ͑nonparaxial͒ diffraction grating effects. 49 These include: ͑i͒ the redistribution of energy from the evanescent orders to the propagating ones, ͑ii͒ the angular broadening ͑and apparent shifting͒ of wideangle diffracted orders, and ͑iii͒ nonparaxial diffraction efficiencies predicted with an accuracy usually thought to require rigorous electromagnetic vector theory. It is also shown in Ref. 49 that these scalar predictions agree with the behavior of transverse electric ͑TE, or s͒ polarized light, but not transverse magnetic ͑TM, or p͒ or unpolarized light.
Since random rough surfaces can be Fourier decomposed into a superposition of sinusoidal reflection gratings, the success with the sinusoidal phase grating has led to the current reexamination of the classical Beckmann-Kirchhoff scattering theory. Our empirically modified BeckmannKirchhoff model is here shown to exhibit ͑for TE, or s, polarization͒ the advantages of both the classical RayleighRice theory and the classical Beckmann-Kirchhoff theory, with the limitations of neither. In a later paper, we will report on our attempt to quasi-vectorize this scalar treatment.
Nonintuitive Surface Scattering Measurements
A detailed experimental investigation of light scattering from well-characterized random surfaces was reported by O'Donnell and Mendez in 1987. 50 Several puzzling effects were observed when comparing experimental scattered intensity measurements with classical Beckmann-Kirchhoff scattering theory. The surfaces were made by exposing photoresist to a laser speckle pattern and then processing it and coating it with gold. The surface autocovariance ͑ACV͒ function was almost a perfect Gaussian. The measured rootmean-square ͑rms͒ surface roughness was s = 2.27 m, and the measured autocovariance length ͑e −1 half width of the ACV function͒ was l c = 20.9 m. For the small slopes represented by these parameters, multiple-scattering effects are negligible and conventional high-angular-resolution scattering data were measured for two wavelengths, = 0.6328 m and = 10.6 m, and two angles of incidence, i = 20 deg and i = 70 deg. At these wavelengths and incident angles this surface is far too rough to satisfy the Rayleigh-Rice smooth-surface criterion.
For a wavelength of 10.6 m and modest angles of incidence the Beckmann-Kirchhoff solution agrees quite well with the experimental data; however, a persistent tendency for the data to be narrower than the theory was observed ͓see Fig. 1͑a͔͒ . This was nonintuitive in that experimental error sources ͑jitter, turbulence effects, etc.͒ would tend to make the experimental curve broader than the theoretical curve. There is no discernible specular beam for an incident angle of 20 deg, because the total integrated scatter ͑TIS͒ is almost unity: 30, 34 
For a wavelength of = 10.6 m and an incident angle of i = 70 deg there is a specular beam containing more than 40% of the reflected radiant power; however, the data points influenced by it have been omitted from the experimental data shown in Fig. 1͑b͒ . Note that the peak of the scattering function does not lie in the specular direction; instead, it lies approximately 10 deg inside the specular beam. Likewise, the Beckmann-Kirchhoff theory no longer exhibits symmetry about the specular direction and shows a similar shift of the peak of the diffuse component of the scattered light distribution. The authors of Ref. 50 offer no explanation for this nonintuitive behavior.
Finally, Fig. 1͑c͒ illustrates the data for a wavelength of = 0.6328 m and an angle of incidence of i = 70 deg. The experimental data are highly asymmetrical about the specular direction ͑note that there is no specular beam at this wavelength͒ and drop smoothly to zero at −90 deg. The Beckmann theory predicts a symmetrical intensity distribution about the specular direction, though it is unphysical in that it exhibits a discontinuity at −90 deg. The authors of Ref. 50 suggest that the reason the Beckmann theory fails at this angle of incidence may be primarily shadowing and multiple scattering effects, and state that they are unaware of any available theory that compares to their measured data.
Modified Beckmann-Kirchhoff Surface
Scattering Model When applied to O'Donnell and Mendez's scattering surface, the Harvey-Shack surface scattering theory predicted a shift-invariant angle spread function ͑scattered radiance distribution͒ which, when truncated and renormalized in accordance with Eq. ͑5͒ and Eq. ͑6͒, then converted to radiant intensity by applying Lambert's cosine law, qualitatively and intuitively explains all three of the nonintuitive scattering effects illustrated in Fig. 1 . 40 These results, and the remarkable accuracy with which the nonparaxial scalar diffraction theory of Ref. 40 allowed us to calculate diffraction grating efficiencies in Ref. 49 , have led us to believe that the nonintuitive surface scattering effects reported by O'Donnell and Mendez, and illustrated in Fig. 1 , might be the result of inappropriately comparing different radiometric quantities.
Note that O'Donnell and Mendez have labeled the curves in Fig. 1 as scattered intensity versus scattering angle. Since the solid angle subtended by the collecting aperture of their scatterometer is constant as they scan the observation hemisphere, the voltage signal received from their instrument is indeed proportional to scattered intensity ͑W/sr͒. However, since diffracted radiance is the quantity predicted by the new nonparaxial scalar diffraction theory, we are led to question their interpretation that the Beckmann-Kirchhoff surface scattering theory predicts scattered intensity. The discontinuity in the solid curve ͑representing the Beckmann-Kirchhoff theory͒ at −90 deg in Fig. 1͑b͒ and 1͑c͒ is unphysical if the quantity being plotted is radiant intensity ͑W/sr͒; however, such a discontinuity would be allowed if plotting scattered radiance. ͑It should be pointed out that Beckmann The quantity D͕͖ in Eq. ͑8͒ is the time average of the squared modulus of the electric field vector and is called Most physicists would interpret this quantity to be proportional to radiant power density on the collecting surface ͑and perhaps call it intensity͒. The geometrical factor F is perhaps an attempt to model the asymmetries that occur in measured scattered intensity profiles.
However, the new insight provided by Eq. ͑5͒ and Eq. ͑6͒ of this paper, in which diffracted radiance is presented as the fundamental quantity predicted by scalar diffraction theory, and the qualitative success of the Harvey-Shack surface scattering theory in explaining the nonintuitive behavior described, 40 leads us to try an empirical modification of the Beckmann-Kirchhoff scattering theory. Three explicit empirical modifications include: ͑i͒ eliminating the geometrical factor F 2 ; ͑ii͒ introducing a renormalization factor, analogous to K in Eq. ͑6͒, which takes account of the redistribution of radiant energy from the evanescent waves into the propagating waves; and ͑iii͒ equating the right side of Eq. ͑8͒ to the scattered radiance. We thus obtain the following modified Beckmann-Kirchhoff scattering model:
ͪ. ͑12͒
To obtain the scattered intensity distribution, we merely multiply the radiance by cos and integrate over the illuminated area of the scattering surface: ͪ. ͑14͒
Recall that for a wavelength of 10.6 mm and an incident angle of 20 deg, almost all of the reflected light is scattered ͑TIS= 0.998͒ and there is virtually no specular beam. In Fig. 2 , scattered intensity predictions from this new, modified Beckmann-Kirchhoff model expressed by Eq. ͑14͒ are superimposed on the previous curves of Fig. 1͑a͒ . Since we only have one-dimensional experimental scattering profile data, we merely normalize the peak of the scattering function to unity, and label the curve "relative intensity." For this modest 20-deg incident angle, the departures of the predictions from the classical Beckmann-Kirchhoff and the modified Beckmann-Kirchhoff surface scattering model are not severe; however, the modified model does match the experimental data more closely.
In Fig. 3 the scattered intensity predictions from the new modified Beckmann-Kirchhoff model are superimposed on the previous curves in Fig. 1͑b͒ . Recall that for a 70-deg incident angle and a wavelength of 10.6 m the departure between the experimental data and the predictions of the classical Beckmann-Kirchhoff theory was significant, and there was a particularly bothersome ͑unphysical͒ discontinuity in the predicted curve at a scattering angle of −90 deg. At this large incident angle, almost half of the reflected radiant power resides in the specular beam ͑TIS = 0.571͒, and, as previously noted, the peak of the scattering function is shifted approximately 10 deg from the specular direction. The modified Beckmann-Kirchhoff model once again more closely matches the experimental measurements, and it does not exhibit the unphysical discontinuity at a scattering angle of −90 deg.
For the much shorter wavelength of = 0.6328 m, O'Donnell and Mendez's surface must be categorized as very rough ͑ s / = 3.59͒, and clearly, for such a rough surface all the incident light is scattered ͑no specular beam͒. 
͑15͒
where v z = − k͑cos i + cos ͒. ͑16͒
As before, we make an empirical modification by eliminating the geometrical factor F 2 , adding the renormalization constant K, and equating the right side of Eq. ͑15͒ to the scattered radiance, thus obtaining the following modified Beckmann-Kirchhoff scattering model for very rough surfaces:
͑17͒
Again converting radiance to intensity, we obtain
͑18͒
In Fig. 4 , scattered intensity predictions from the modified Beckmann-Kirchhoff model expressed by Eq. ͑14͒ are superimposed on the previous curves in Fig. 1͑c͒ . Again we normalize the peak of the modified Beckmann-Kirchhoff scattering profile to unity. For this short wavelength and a 70-deg incident angle, the departure between the predictions of the classical and the modified theory is quite dramatic. The classical Beckmann-Kirchhoff theory indicates a very significant ͑unphysical͒ discontinuity at a scattering angle of −90 deg and is clearly not capable of making accurate surface scattering predictions for very rough surfaces at these large incident angles; however, the empirically modified Beckmann-Kirchhoff model agrees extremely well with the experimental data.
Rayleigh-Rice Vector Perturbation Surface
Scattering Theory Using Stover's notation for the Rayleigh-Rice vector perturbation surface scattering theory, 30 the normalized ͑by the incident radiant power͒ scattered intensity in a given differential solid angle can be written as
The dimensionless quantity Q is the polarization-dependent reflectance of the surface. For an s-polarized source, and measurements made in the plane of incidence, Q is given exactly by the geometric mean of the sample specular reflectances at i and :
For highly reflective surfaces this means that Q is very nearly equal to a constant for all scattering angles. In Eq. ͑19͒, S͑f x , f y ͒ is the two-sided, two-dimensional surface power spectral density ͑PSD͒ function expressed in terms of the sample spatial frequencies f x = sin cos − sin i and f y = sin sin . ͑21͒
This Rayleigh-Rice surface scattering theory is widely accepted and has been extensively validated even for large scattered and incident angles for smooth surfaces ͑ s / Ӷ 1͒. We thus compare the modified Beckmann-Kirchhoff surface scattering model with predictions from the Rayleigh-Rice theory. Assuming a Gaussian autocovariance ͑ACV͒ function, we can write
The surface PSD is given by the Fourier transform of the ACV function; hence, the x profile is given by Figure 5 illustrates that for smooth surfaces ͑ / = 0.02͒ with normal incidence and a surface autocovariance width ͑l c / = 1.2͒ that results in modest scattering angles, all three of the scattering theories yield virtually identical results.
͑23͒
If we keep the same rms surface roughness, but shorten the surface autocovariance length by a factor of 3 ͑l c / = 0.4͒, the scattering angles become quite large, and the classical Beckmann-Kirchhoff theory starts to break down, as evidenced by the unphysical discontinuity in the predicted scattered intensity at scattering angles of ±90 deg, shown in Fig. 6 . The modified Beckmann-Kirchhoff model continues to agree extremely well with the Rayleigh-Rice surface scattering theory.
Finally, if we maintain the smooth-surface and narrowsurface autocovariance length producing the wide scattering angles, and introduce a 45-deg incident angle, the empirically modified Beckmann-Kirchhoff model continues to agree remarkably well with the well-established RayleighRice theory; however, the classical Beckmann-Kirchhoff theory exhibits markedly different behavior, as shown in Fig. 7 .
Summary and Conclusions
Rayleigh-Rice 6 or classical Beckmann-Kirchhoff 20 theories are commonly used to predict surface scattering behavior. The Rayleigh-Rice vector perturbation theory agrees well with experimental wide-angle scattering measurements from smooth ͑ s / Ӷ1͒ surfaces for arbitrary incident and scattering angles. The classical Beckmann-Kirchhoff scattering theory is valid for rougher surfaces, but contains a paraxial ͑small-angle͒ assumption that limits its ability to accurately handle wide-angle scattering and large angles of incidence. The closed-form equations provided by Beckmann are also limited to scattering surfaces with Gaussian autocovariance functions. 20 A recently developed nonparaxial scalar diffraction theory 40 has led to an empirical modification of the classical Beckmann-Kirchhoff surface scattering theory that agrees extremely well with experimental data for rough surfaces, even for large incident and scattered angles. This modified Beckmann-Kirchhoff model also exhibits excellent agreement with the well-established Rayleigh-Rice vector perturbation surface scattering theory ͑for TE, or s, polarization͒ within its domain of applicability for smooth surfaces ͑comparisons performed for surfaces with Gaussian autocovariance functions͒.
Current research is resulting in the theoretical development of a linear systems formulation of surface scattering theory ͑generalized Harvey-Shack theory͒ for arbitrary surface statistics that will reduce to the empirically modified Beckmann-Kirchhoff model for surfaces with a Gaussian autocovariance function. A future paper will report on this development and compare its predictions with available experimental scattering data from non-Gaussian surfaces.
